In this paper, we have studied the integrability nature of a system of three coupled GrossPitaevskii type nonlinear evolution equations arising in the context of spinor Bose-Einstein condensates by applying the Painlevé singularity structure analysis. We show that only for two sets of parametric choices, corresponding to the known integrable cases, the system passes the Painlevé test.
I. INTRODUCTION
Integrable multicomponent nonlinear Schrödinger type equations have attracted considerable current interest in soliton research. Much focus has been paid to identify new integrable multicomponent type equations due to their many faceted applications in different fields of science such as nonlinear optics, Bose-Einstein condensates, biophysics, plasma physics, etc.
1−5 . Painlevé singularity structure analysis is one of the powerful tools to isolate and identify integrable dynamical systems 6−10 . This procedure nicely complements other integrability tools like inverse scattering transform (IST), infinite number of involutive integrals of motion, symmetries, Bäcklund transformations, Hirota's bilinearization method, etc., to study the integrability properties of nonlinear systems 1,2 .
By applying the Painlevé test for integrability a class of integrable coupled nonlinear Schrödinger (CNLS) type equations, which arise in different physical contexts, has been identified 11−16 .
In this connection, the system of CNLS equations in the presence of confining potential becomes the coupled Gross-Pitaevskii (GP) equations, governing the dynamics of two component Bose-Einstein condensates 17−19 . This kind of multicomponent condensates can also be created with the mixture of two different atomic species or by considering the hyperfine spin of atoms in the presence of optical dipole traps 20−22 . The latter entities are the so-called spinor Bose-Einstein condensates (BECs).
Spinor Bose-Einstein condensates of ultra cold atoms can be created by liberating the hyperfine states by means of optical trapping. Two component condensates have been realized in 87 Rb (see Ref. 23 ) and also optically trapped three component condensates were studied in Refs. [24] [25] [26] [27] . The evolution of the spinor condensate wave functions is governed This paper is arranged in the following manner. In section II, the three steps involved in the Painlevé singularity structure analysis, namely the leading order analysis of the Laurent expansion in the neighbourhood of a non-characteristic singular manifold, determination of the resonances (that is, the powers at which arbitrary functions can occur in the Laurent expansion) and analysis of the Laurent expansion for sufficient number of arbitrary functions are carried out. It is shown that only for the two specific parametric choices, namely (i) c 2 = 0 and (ii) c 0 = c 2 the system (2) passes the Painlevé integrability test. The results are analyzed in the final section.
II. PAINLEVÉ SINGULARITY STRUCTURE ANALYSIS
In order to perform the Painlevé singularity structure analysis of Eq. (2) the dependent variables ψ ±1 , ψ 0 and their complex conjugates are denoted as
Then Eqs. (2) become
The Painlevé singularity structure analysis (of an analytic polynomial differential equation)
is carried out by seeking a generalized Laurent expansion 32 for the dependent variables
in the neighbourhood of the non-characteristic singular manifold φ(x, t) = 0, with nonvanishing derivatives φ x (x, t) = 0 and φ t (x, t) = 0.
A. Leading order analysis
The leading order behaviour of the solution is analyzed by assuming the forms
for the dependent variables, where α, β, γ, δ, ǫ and ω are integers to be determined. After substituting these forms into Eq. (4) and by balancing the most dominant terms, at the leading order one obtains
with a set of relations
Note that there are six functions a 0 , b 0 , m 0 , n 0 , p 0 and q 0 (besides the arbitrary manifold φ(x, t)) and the above three conditions mean that three of them are arbitrary at this stage of the analysis.
B. Resonances
The second step in the singularity structure analysis is to determine the resonances (powers) at which arbitrary functions can enter into the Laurent series (5) . To obtain the resonance values, we substitute the following expressions into Eqs. (4)
and determine the possible values of j. By collecting the coefficients of φ j−3 , one can obtain a system of six algebraic equations which can be casted as
where the superscript 'T ' denotes the transpose of the matrix and the matrices X and D are given by
in which
and 0 is a (6 × 1) null matrix. By requiring the determinant of the matrix D to be zero the following resonance equation is obtained.
From Eq. (11) the values of j are obtained as
where
All the resonances should be integers for the system (2) to satisfy the Painlevé property so that movable algebraic branching type critical singular manifolds are avoided. Hence by requiring N 1 and N 2 to be integers we find the following two cases:
Then the integer resonances for both the cases can be written as
Note that in the above, j = −1 corresponds to the arbitrariness of the non-characteristic manifold φ(x, t).
Case (i):
In (14)) as below:
where a j , b j , m j , n j , p j , q j , j = 0, 1, . . . , 4, are functions of (x, t) to be determined. Then by collecting various powers of φ, we explicitly show that there exist sufficient number of arbitrary functions at each index of the resonance values given in (14) . As noted above, the resonance at j = −1 corresponds to the arbitrariness of the non-characteristic manifold φ.
Coefficients of φ −3 :
The set of algebraic equations resulting at this order is
Solving Eqs. (16a) again results in the already deduced relations (8),
This clearly shows that three out of the six functions (a 0 , b 0 , m 0 , n 0 , p 0 and q 0 ) are arbitrary at the triple resonance j = 0, 0, 0.
At the power φ −2 , we obtain the following set of algebraic equations expressed in the matrix form,
In the above matrix D 1 we have introduced the quantities l 1 and l 2 , which are defined as
In order to make the calculations simpler here and in the subsequent analysis, we use the Kruskal ansatz 7 by assuming the singular manifold function φ(x, t) in the form φ(x, t) = x + ρ(t), with ρ an arbitrary analytic function and the a j , b j , m j , n j , p j , q j are functions of t only. One can solve the above six algebraic equations (17) given in the matrix form and obtain
From equations (18), we observe that the two functions (p 1 and q 1 ) out of the six functions a 1 , b 1 , m 1 , n 1 , p 1 and q 1 are arbitrary. Naturally, these are associated with the double resonance at j = 1, 1.
At this order we obtain
where the matrix D 1 being defined in Eq. (17b) and
Here the elements of Y 2 are given by
Proceeding further as in the case of j = 1 and by incorporating the results of j = 0 and j = 1, we express the four functions a 2 , b 2 , m 2 and n 2 in terms of the remaining two unknown functions p 2 and q 2 :
2 − 2y
( 1) 2 ) + 2p 0 q 0 (2y
with l 1 and l 2 being defined in Eq. (17e) and y
2 's, j = 1, 2, ..., 6, are given in Eqs. (20) . From the above equations (21), we can easily see that two (p 2 and q 2 ) out of the six functions a 2 , b 2 , m 2 , n 2 , p 2 and q 2 are arbitrary, as required by the existence of arbitrary functions at the double resonance j = 2, 2.
Zeroth order in φ :
Collecting now the coefficients at the zeroth order, that is φ 0 , we obtain
where the matrix D 3 = D 1 − 2I, I is a (6 × 6) identity matrix and
After a straightforward but lengthy algebra one can solve the above Eqs. (22) and deduce the following three expressions:
The above expressions (23) indicate the arbitrariness of three functions (n 3 , p 3 and q 3 ) out of the six functions a 3 , b 3 , m 3 , n 3 , p 3 and q 3 . Thus system (2) with c 0 = c 2 = c, satisfies the requirement of the presence of three arbitrary functions corresponding to the triple resonance at j = 3, 3, 3.
5. Coefficients of φ 1 :
In a similar manner, after a lengthy algebra carried out using Maple we have verified that the resulting six algebraic equations at the coefficient of φ, which we do not present here for want of space, reduce to five equations with six unknown functions. Thus we observe that there exists one arbitrary function corresponding to the resonance j = 4, as required. 
III. CONCLUSION
In this paper, we have studied the integrability property of the three component Gross- nonlinear Schrödinger equation 33, 34 . Our present analysis also shows that the system (2) passes the Painlevé test for integrability when c 0 and c 2 are equal and non-zero, in addition to the choice c 2 = 0. Apart from finding the choices for which the system (2) can be integrable, one can also obtain information regarding the Hirota's bilinearization for such cases from the above analysis. This has already been exploited for the case c 2 = 0 to obtain multi-soliton solutions 35, 36 . Work is now in progress to make a similar analysis for the case c 0 = c 2 = c. Also it is of future interest to identify multicomponent integrable systems with higher degree of hyperfine spin (F > 1), see for example the coupled evolution equations given in 37 , for which also the above type of Painlevé singularity structure analysis can be carried out.
